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This is the second in a two-part series of papers in which we investigate the following 
question: for which integers p, k > 0 does the complete graph K, admit a decomposition T into 
edges and triangles (i.e. K,‘s and K,‘s) with the property that T admits a partition 
{T,, . , Tk) into subsets, each of which is a vertex partition of KP? We prove here that when 
p is odd the necessary conditions for the existence of these designs are sufficient whenever 
p 3 91, with eighteen unsettled values of p below this order. 
1. Introduction 
This paper is essentially a continuation of [8], and it will be assumed that the 
reader is familiar with the terminology and notation used therein. By a 
(1,2)-factorization of Kp of cardinality k, or restricted resolvable design 
RRP(p, k) we mean a pair (T, P) where T is a decomposition of Kp into edges 
and triangles (K2’s and K3’s) and P is a partition of T into k subsets, each of 
which is a vertex partition of Kp. The following was proven in [ll, Theorems 2.1 
and 3.11 and [8, Theorem 1.81. 
Theorem 1.1. Let p > 0 be an even integer. There exists an RRP(p, k) if and only 
if p/2 d k up - 1 and p(k -p + 1) = 0 modulo 3, with the exceptions (p, k) = 
(6, 3), (12, 6). 
In this paper we investigate the existence of RRP(p, k) where p is odd. The 
most famous examples of these designs are Kirkman Triple Systems KTS(p); in 
these designs all of the blocks are triples (i.e. KTS(p) = RRP(p, (p - 1)/2)). It is 
well known that there exists a KTS(p) if and only if p = 3 modulo 6 (see [4]). 
the following necessary conditions on the existence of RRP(2n + 1, k) are a 
consequence of the results in Section 2 of [lo]. 
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Lemma 1.2. Let p > 0 be an odd integer and suppose that there is an RRP(p, k) 
that is not a Kirkman Triple System. Then either (p, k) = (9, 6), or (p + 1)/2 < 
k<p-4andp.(k-p+l)=Omodulo3. 
We will give constructions to prove that the necessary conditions of Lemma 1.2 
are sufficient to guarantee the existence of an RRP(p, k), except possibly where 
p E (31, 35, 37, 41, 43, 47, 49, 53, 55, 59, 61, 65, 67, 71, 79, 83, 85, 89} (see 
Sections 2 and 3). 
We will also investigate the more general class of designs R*RP(p, k), i.e. 
resolvable designs on p points, with replication number k, in which the blocks 
have size 1, 2, 3 or 4 and in which there are at most two “abberant” blocks, i.e. 
of size 1 or 4. In [8] the following result was obtained (see Theorem 4.1). 
Theorem 1.3. Let p 2 96 be an even integer. There exists an R*RP(p, k) if and 
only if p/2 c k =~p - 1, except where k = p/2 when p = 4 modulo 6. Moreover, 
such a de&n exists with block sizes from { 1, 2, 3). 
When p is odd the conditions for existence of an R*RP(p, k) are a little more 
restrictive. For instance it is easy to see that an R*RP(p, p - 1) cannot exist. 
Now suppose that we have an R*RP(p, p - 2). For each i = 1,2, 3,4 let bi 
denote the number of blocks of size i and for each point x let Xi denote the 
number of blocks of size i containing x. Then 3x4 + 2x3 + x2 =p - 1 and 
x4 + xg +x2 + xi = p - 2, whence 2x4 + xg = 1 + xi. Summing this last equation 
over the points and recalling that bI < 2 we have b3 s $(p + 2). On the other 
hand each parallel class must contain either a triple or a singleton so that 
b,ap-4. Thus p-4<f(p+2), or p s 7. A similar analysis shows that an 
R*RP(p, p - 3) can exist only when p < 17, and at the other end of the spectrum 
an R*RP(p, (p - 1)/2)) (where p + 3 modulo 6) can exist only for p < 13. In 
Section 4 we will construct R*RP(p, k) for every odd integer p 3 99 and every k 
with (p + 1)/2 < k <p - 4; moreover, as was the case with Theorem 1.3, our 
designs will (except where p = 155) have block sizes from {1,2,3} (i.e. the 
“aberrant” block(s) will have size 1). Such R*RP’s are referred to in [8] as 
near-(1, 2)-factorizations of Kp with cardinal@ k. 
The techniques that we will use to construct our designs are essentially the 
same as those in [8] (see esp. Section 2 of that paper); in particular we will again 
rely heavily on the frames developed in [7]. 
For convenience we will restate some of the results from [8]. 
Construction 1.4 ([8, Construction 2.21). Suppose that there is a resolvable 
2, 3-GDD of type S with replication number k and that for each si E S there is an 
RRP(sj, k’). Then there is an RRP(Csj, k + k’). 
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Theorem 1.5 ([8, Theorem 2.31). Let (X, G, B) be a 4, 5-GDD of type 
g:‘g:” . . .g2andlet{dI,..., d,,,} be any sequence of integers with 3 lG,l< di s 
6 IGil where di = 3 lG,l + 1 for at most one value of i. Then there existi a 2, 3-frame 
of type (6g1)“(6g~)‘2 - - - (6grYr in which the ith hole has degree di, i = 1, . . . , ICI. 
Construction 1.6 ([8, Construction 2.41). Let (X, G, B) be a 2, 3-frame in which 
hole Gi has degree di, i = 1, . . . , j. Suppose that for each i = 1, . . . , j - 1 there is 
an RRP(IGil + W, di + d) - RRP(w, d) and that there is an RRP(IG,I + W, dj + d). 
Then there b an RRP(w + C IGil, d + C di). 
Remark. It was indicated in [8] that the above construction works equally well in 
constructing R*RP’s. 
We will also make use of the following results (again, terminology and notation 
are described in [8]). 
Lemma 1.7 ([6, Section 3C]). There exists an RRP(p, p - 4) for every odd 
integer p 3 9. 
Lemma 1.8 ([8, see proof of Theorem 3.31). Given any integer s 2 16 there is a 
4, 5-GDD of type 4%’ on s points, for some t > 0 and r 2 0. Also, there extit 
4-GDD’s of types 34, 3’. 
Theorem 1.9 (Stinson [14]). There exists a 3-frame of type g” if and only if g is 
even, u > 4 and g(u - 1) = 0 modulo 3. 
Remark. It is noted in [14] that in any 3-frame, each hole Gi has degree 1 IGil. 
Theorem 1.10 (Rees and Stinson [9]). Let g and u be given with gu = 0 modulo 3 
and g(u - 1) =O modulo 2, (g, U) # (2,3), (2, 6) or (6, 3). There exists a 
resolvable 3-GDD of type g”, except possibly where g = 6 modulo 12 and u = 11, 
14 or g = 2 or 10 modulo 12 and u = 6. 
Theorem 1.11 ([6, Theorem 2.61). Suppose that w 3 5 and that there exists an 
R*RP(w, w -t) where t 3 4 when w is odd. Then for every integer v = w (mod 6) 
where v 3 4w (w even) or v 2 4w + 9 (w odd) there exists an R*RP(v, v - t) 
(containing an R*RP(w, w -t) as a subdesign). 
Theorem 1.12 (Stern and Lenz [13]). Let G be a cyclic graph with an edge of 
even order. Then G has a l-factorization. 
2. Designs of order p = 3 modulo 6 
In this section we will prove the following. 
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Theorem 2.1. Let p = 3 modulo 6. Then there exists an RRP(p, k) if and only if 
either (p - 1)/2 s k “p - 4 or (p, k) = (9,6), (3, 1). 
We will make use of the following results from [ll]. 
Lemma 2.2 (1111, Theorems 3.3 and 3.5). Let n ~5 be odd. There exist 
RRP(3n, k) for k = 2n - 2, 2n - 1, 2n and 2n + 1. Also, there exist RRP(9, 4) 
and RRP(9, 5). 
Construction 2.3 ([ll, Lemma 2.1). Suppose that there exists an RRP(p, k) 
where p # 2 or 6. Then there exist RRP(3p, k’) for all p + k s k’ < p + 2k. 
Briefly, the above construction works as follows. Since p # 2 or 6 there is a 
resolvable TD(3, p). Construct an RRP(p, k) on each of the groups. Now break 
each triple in k’ - (p + k) of the parallel classes in the transversal design into its 
constituent pairs and rearrange the blocks to form k’ parallel classes. 
We will also need the following constructions. 
Lemma 2.4. There exist RRP(17, 10) and RRP(19, 12). 
Proof. 
RRP(17,lO). Point set {a,, a2} U (Z3 X Z,). 
414 a && a 12123 w2 
a224 a22203 a2201 1 WI 
WO 12324 0~11224 O2O3 
WI ; 2~0112 ; 100314 ; o&& mod(3, -). 
0222 1114 012213 
0323 211304 0204 
1013 
111204 
RRP(19,12). This design was constructed by R. Stanton [personal com- 
munication] . 
L&4 1,12,16 1,536 1, 10,19 
3,10,17 2,395 4,13,15 3,13,16 
5,12,19 4,8,19 7,9,18 4,11,18 
8,9,11 7,11,15 8,10,14 6,14,15 
15,16,18 9,13,14 16,17,19 7,12,17 
6,13 6,10 2,11 298 
7,14 17,18 3,12 599 
2,9,16 
3,14,18 
5,10,15 
6,8,17 
7,13,19 
1,ll 
4,12 
2,6,18 2,10,12 2,14,17 
9,12,15 3,637 4,6,16 
3,11,19 1,9,17 11,12,13 
1,14 4,14 1,18 
4,17 5,13 15,19 
5,16 8,15 537 
738 11,16 3,8 
10,13 18,19 9,lO 
1,8,13 4,7,10 5,8,18 5,11,14 
297 1,15 173 137 
3,15 2,13 2,15 2,19 
495 379 439 394 
6,12 5,17 6,19 6,9 . 
9,19 6,11 7,16 8,12 
lo,18 14,19 10,ll 15,17 
11,17 12,18 13,17 lo,16 
14,16 8,16 12,14 13,18 
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We will prove Theorem 2.1 by a sequence of lemmas. 
Lemma 2.5. There exist RRP(p, k) for every p 3 15 and p - 7 6 k sp - 4. Also 
there exist RRP(9,4) RRP(9, 5) and RRP(9, 6). 
Proof. The designs RRP(9, 4) and RRP(9, 5) exist by Lemma 2.2. The following 
RRP(9, 6) can be found in [12]. 
1,2,3 4,5,6 7,8,9 1,4,7 2,5,8 3,6,9 
4,9 1,8 1,6 2,6 1,9 1,5 
5,7 2,9 2,4 3,8 3,4 2,7 ’ 
6,8 3,7 3,5 5,9 6,7 4,8 
Now let p B 15, and consider the following cases. 
k - =p 4. See Lemma 1.7. 
k =p - 5. An RRP(15, 10) exists by Lemma 2.2, and the designs RRP(21, 16) 
and RRP(27, 22) are constructed in [8] (see Lemma 2.8). Let p 2 33, and take 
the point set {aI, . . .,ag}UZ, where n=p-9. Lets= [n/41 and t= [3n/4]. 
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We obtain n parallel classes by developing the following class mod n: 
al, 0 1,2S-1 2S,n-1 
a2, s - n 16 
u3, S - 1 
a4, s S - (n + 6)/6, s + (n + 6)/6 t-4, t+3 
as, s + 1 
a6, S + n/6 s - (n - 6)/6, s + (n - 6)/6 t-z,t-1,t+l 
a,, t-3 
a8, t 
a9, t+2 s-2,s+2 
Four classes on Z’,, are obtained by developing the blocks 0, n/3, 2n/3, 0, n/2 
and 0,5 mod n. Now construct an RRP(9, 4) on {aI, . . . , a9}. 
k =p - 6. The designs RRP(15, 9) and RRP(21, 15) exist by Lemma 2.2. An 
RRP(27, 21) can be obtained by applying construction 2.3 to an RRP(9, 6). Let 
p 3 33 and take the points {a,, . . . , al5} U Z,, where n =p - 15. The blocks 
al, 0 a6, 5 all, 11 
a2, 1 a7, 6 a12, 12 
a3, 2 a8, 7 a13, 14 
a4, 3 a,, 8 a14, 15 
a5, 4 alo, 9 a15, 16 
10, 13, 17 
where n = 18, or 
4, 0 
a2, s - n/6 
a3, s -2 
a4, s - 1 
a5, s 
a6, s + 1 
a,, s +2 
a8, s + n/6 1,2.s-1 2s,n-1 
a,, t - 5 
alO, t - 3 
Ullr t-2 s - (n + 6)/6, s + (n f 6)/6 t-6, t+5 
al2, t 
a137 t + 1 s - (n - 6)/6, s + (n - 6)/6 t-4, t-1, t+3 
a14, t + 2 
au, t + 4 s-3,s+3 
where n 3 24, (here s = [n/4] and t = [3n/4]), f orms a parallel class; develop this 
class mod n. Now form nine classes on Z,, as follows. Two classes are given by 
developing the blocks 0, n/3, 2n/3 and 0, n/2 mod n; a further three classes are 
(i) O+i, l+i,2+i i=O,3,. . . ,n-3 
(ii) 1 + i, 3 + i i=0,6,...,n-6 
2+i, 4+i 
5+i,6+i 
(iii) 1 + i, 3 + i i=3,9 ,..., n-3. 
2+i,4+i 
5+i,6+i 
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The final four classes (one-factors) are 0 + i, 5 + i, 6 + i, 11 + i, 12 + i, 17 + i, 
2+i,lO+i, 7+i,15+i, 8+i,16+i, 13+i,3+i, 14+i,4+i, l+i,9+i, 
i=O,2,4 and 5+i, lO+i, i=O,2,. . . , 16 if II = 18, while if n 2 24 the final 
four classes are obtained by developing the blocks 0,5 and 0,9 mod it. Now 
construct an RRP(15, 9) on {aI, . . . , aIS}. 
k =p - 7. The designs RRP(15, 8) and RRP(21, 14) exist by Lemma 2.2. An 
RRP(27, 20) is obtained by applying Construction 2.3 to anRRP(9, 6). Now let 
p 2 33 and take the points set {aI, . . . , u15} UZ,, where n =p - 15. Let 
s = [n/4] and r = [3n/4]. The blocks 
a,, 0 a6, 7 all, 13 
a2, 2 a7, 8 a12, 14 
a3, 4 %, 10 a13, 15 
a4, 5 a,, 11 ~14, 16 
a5, 6 QlO, 12 a15, 17 
1, 3, 9 
where it = 18, or 
al, 0 as, t-4 1,2.s-1 2.S,n-1 
a2,s-3 a9, t-3 
u3, s - 1 alo, t - 2 
a4, s all, t - 1 S-5,s+5 t-5, t+4 
u5, s + 1 al2, t 
a6, s +2 a139 t + 1 s-4,s-2,s+4 
u7, s +3 a149 t + 2 
a159 t+3 
where 12 2 24, form a parallel class which is to be developed mod n. Eight classes 
on h, are obtained by developing the blocks 0, 1,5, 0,3, 0,7 and 0, n/2 mod n 
(note that the triple 0, 1,5 covers the residue classes mod 3 and so generates three 
classes). Now construct an RRP(15, 8) on {a,, . . . , a15}. This completes the 
proof of Lemma 2.5. 0 
Lemma 2.6. There exist RRP(p, k) for every p 2 21 and $p - 4 s k up - 8. Also, 
there exists an RRP(15, 7). 
Proof. An RRP(15, 7) is a KTS(lS), and an RRP(21, 10) is a KTS(21). The 
designs RRP(21, 12) and RRP(21, 13) exist by Lemma 2.2. The following is an 
RRP(21, 11) on the point set Z7 x Z3. 
0001 5041% 
2122 103040 ; %W2 ; @A62 ; 004112 ; WG2 mod(7, -). 
6062 115161 
Wl% W252 
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Now let p 3 27. From Lemma 1.7 there is an RRP($p, fp - 4); apply 
Construction 2.3 to this design. El 
Lemma 2.7. Let p = 6s + 3, s $ (5, 6, 7, 8, 9, 10, 11, 13, 14). There exist 
RRP(p, k) for every k with (p - 1)/2 d k d $p - 1. 
Proof. The cases s = 0, 1,2, 3 and 4 are covered by Lemmas 2.4 and 2.5 (except 
for RRP(3, 1) and RRP(27, 13) which are, respectively, KTS(3) and KTS(27)). 
Let s b 16. From Lemma 1.8 there exist t > 0 and r 2 0 such that a 4, 5-GDD of 
type 4%’ exists, where 4t + r = s. Let 4 = k - (p - 1)/2 and let n,, . . . , II, be any 
sequence of integers with 0~ ni < 10 and ni = 1 for at most one value of i, 
satisfying C rri = q. Such a sequence exists since (i) 0 d q s s, and (ii) since t > 0 
the existence of a 4,5-GDD of type 4%’ clearly implies 4t > r. Now use Theorem 
1.5 to construct a 2,3-frame of type 24’(6r)’ in which the ith hole Hi of size 24 has 
degree 12 + ni and in which the hole of size 6r has degree 3r. Add three “ideal” 
points to this frame and apply construction 1.6 with w = 3 and d = 1. On the hole 
of size 6r (plus the ideal points) build an RRP(6r + 3, 3r + 1) (i.e. a KTS(6r + 
3)); on hole Hi build an RRP(27, 13 + ni)-RRP(3, 1) (this is equivalent to an 
RRP(27, 13 + nJ). We get a design with 24t + 6r + 3 =p points with replication 
number 3r + 1 + Ci (12 + ni) = 1 + (p - 3)/2 + q = k, as desired. 
If s = 12 or 15 proceed in analogous fashion using instead 4-GDD’s of type 34, 
35 (so that the input designs in the resulting frame will have 21 points.) Cl 
The only designs that remain to be constructed are those with (p - 1)/2 6 k < 
$p - 4 where p = 6.~ + 3, s E {5,6,7,8,9,10, 11, 13, 14). If s = 7, 10 or 13 apply 
Construction 2.3 to a KTS(2F + 1). Ifs = 8, 11 or 14 and k # 3s + 1, 3s + 2 we can 
proceed as follows. Start with a resolvable TD(3,2.r + 2) and remove three points 
from one of the groups to obtain a resolvable 2,3-GDD of type (2.r + 2)2(2.r - 1)’ 
with replication number 2s + 2. Since s = 2 modulo 3 we have 2s + 2 = 0 modulo 6 
and 2.r-1=3modulo6, where B-1127. Since 3s+3<ka4s-3 we can 
apply Construction 1.4, filling in RRP(2s + 2, k - (2s + 2)) (Theorem 1.1) and 
RRP(2s - 1, k - (2s + 2)). 
We now need only consider the designs RRP(p, k) where (p, k) = (33, 16), 
(33, 17) (39, 19) (39, 20) (3% 21) (51,25), (51, 26) (57,28), (57, 2% (57, 30) 
(57, 31), (57, 32), (57, 33) (69, 34) (69, 35) (87, 43), (87, 44). These are given 
below. 
RRP(33,16). This is a KTS(33). 
RRP(33,17). Apply Theorem 1.5 to a 5-GDD of type l5 to construct a 
2,3-frame of type 65 in which there are four holes with degree 3 and one hole 
with degree 4. Apply Construction 1.6 with w = 3 and d = 1, filling in RRP(9, 4)- 
RRP(3, 1) (i.e. KTS(9)) and RRP(9, 5). 
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RRP(39,19). This is a KTS(39). 
RRP(39,20). Our point set is {a,, . . . , ag} U (HI5 x Z,). 
Fifteen parallel classes: 
~lOcIOl 0,75r aJ3cl61 
a220141 %9011 104031 
a,3071 &10041 6080140 mod(15, -). 
a450111 aal 10121 2181120 
9110113, 
Five classes on & x Z2 are obtained by developing the blocks 
00150 ; 003, ; OolOl mod(l5, -). 
012r7r 
Now construct an RRP(9, 5) on {aI, . . . , ug}. 
RRP(39,21). Take a resolvable TD(3, 14) and remove three points from one of 
the groups. Apply Contruction 1.4, filling in RRP(14, 7) (Theorem 1.1) and 
RRP(ll, 7) (Lemma 1.7). 
RRP(51,25). This is a KTS(51). 
RRP(51,26). Start with the following design, which is an RRP(15, 8)-RRP(3, 2) 
on the point set {a, 6, c} U (1, 2, . . . , 12). 
a, 1,3 a, 2, 4 a, 9, 11 a, 10, 12 
b, 5, 11 b, 8, 10 b, 3-6 b, 497 
c, 7, 9 ; c, 6, 12 ; ~9198 ; c, 295 
2, 6, 10 1, 539 2, 7, 12 3, 8, 9 
4, 8, 12 3, 7, 11 4, 5, 10 1, 6, 11 
a, 5,7 a, 6, 8 132 1,4 
b, 1, 12 b, 299 394 2, 3 
c, 3, 10 ; c, 4, 11 ; 5, 6 ; 5, 8 . 
2, 8, 11 1, 7, 10 7, 8 697 
4,699 3, 5, 12 9, 10 9, 12 
11, 12 10, 11 
Now apply Construction 1.6 (with w = 3 and d = 2) to a 3-frame of type 124 
(Theorem 1.9), using RRP(15, 8) and the above RRP(15, 8)-RRP(3, 2) as input 
designs. 
RRP(57,28). This is a KTS(57). 
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RRP(57,29). Our point set is {al, . . . , al5} U (i& X Z,). 
Twenty-one parallel classes: 
alZdl 
a23061 
a,4081 
a450101 
a~60121 
~90161 
aJO(J91 
a&o11 
a913031 
%1405, 
a1115071 
a12160131 
~180171 
%J90151 
~20J81 
007clOI mod(21, -). 
102191 
8011017Ll 
111141201 
Eight classes on Zzl x & are obtained by developing the blocks 
00150 ; o$Jo, ; 00151 ; 00161 mod(21, -). 
011151 012110, 
Now construct an RRP(15, 8) on {aI, . . . , a15}. 
RRP(57,30). Take a resolvable TD(3,20) and remove three points from one of 
the groups. Apply Construction 1.4, filling in RRP(20, 10) (Theorem 1.1) and 
RRP(17, 10) (Lemma 2.4). 
RRP(57,31), RRP(57,32), RRP(57,33). Apply Construction 2.3 to an 
RRP(19, 12) (Lemma 2.4). 
RRP(69,34). This is a KTS(69). 
RRP(69,35). From Theorem 1.10 there is a resolvable 3-GDD of type 64. Add 
nine points “at infinity” to obtain a 4-GDD of type 6“9l; now replace block by a 
3-frame of type 24 and so obtain a 3-frame of type 124181. Add three “ideal” 
points and proceed as in the RRP(51, 26) case above, using as input designs 
RRP(15, 8)-RRP(3, 2) and an RRP(21, 11) (Lemma 2.6). 
RRP(87,43). This is a KTS(87). 
RRP(87,44). Proceed as in the RRP(51, 26) case above, using instead a 3-frame 
of type 12’. 
3. Designs of order p = 1 or 5 modulo 6 
Among all RRP’s these seem to be the most difficult to construct, principally 
because we do not know of any “nice” direct methods of constructing these 
designs of “small” orders. We will prove here the following: 
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Theorem 3.1. Let p = 6s + 1 or 6s + 5, s # (5, 6, 7, 8, 9, 10, 11, 13, 14). Then 
there exists an RRP(p, k) if and only if (p - 1)/2 c k up - 4 and p . (k -p + 
1) = 0 modulo 3. 
We begin by constructing the small designs, i.e. 11 sp s 29. 
RRP(ll, 7). See Lemma 1.7. 
RRP(l3,9). See Lemma 1.7. 
RRP(17, lo), RRP(17, W). See Lemmas 2.4 and 1.7. 
RRP(U,l2), RRP(U,l5). See Lemmas 2.4 and 1.7. 
RRP(23, W). Our point set is {aI, a2, as} U (Z., x Z,). 
Twelve parallel classes are obtained by developing the following three classes 
mod(4, -): 
alOo l13223 a r0304 3~2~ 4082 &A 
a2404 1233h a201 32G& a20o03 W2 
a303 133420 ; a30002 331020 ; 4% h3,. 
103122 L3021 3&% 3u1 101114 2334 
l213 2430 
The last class is 
al, a2, a3 %& 0121 422 0323 0424 
1030 1131 1232 1333 1434. 
RRP(W, 16). Our point set is {a,, . . . , a,} U (Z, x Z,). 
Twelve parallel classes are obtained by developing the following four classes 
mod(3, -): 
60012 
a20113 
a302L 
a40310 
a&&l1 
a& 
a723 
4% 
2124 
a6001 1 
aAl 
a80314 
aA 
a22, 
a3x3 
a.404 
40 
O2l3 
LA 
, 
all4 
a200 
a301 
a402 
a523 
a6L 
a710 
&?2?3 
11% 
13% 
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Four classes on Z3 x Zs are 
002, 2112 O,O*O* 
k20 2214 ; 031323 mod(3, -). 
0123 0203% w4& 
1113 
Now construct an RRP(8,4) on {q, . . . , as} (Theorem 1.1). 
RRP(23,19). See Lemma 1.7. 
RRP(25,15). Our point set is hS x Zs. Three parallel classes are given below. 
O&3, 2244 002011 402-z w204 0103 
oIlI 2340 310142 21% 102214 1113 
021233 &41 ; 123223 02% ; &?2& 2123 . 
031334 &42 4313% 3310 304234 3133 
041430 2143 244430 1441 400244 4143 
The fifteen classes are then obtained by developing the first and second classes 
mod(5, -) and the third class mod(-, 5). 
RRP(25,U). Our point set is {a} U (HI2 X H,). 
Twelve parallel classes: 
a01 30% 90% 
0071 508191 100101 mod(12, -). 
kl4021 60111 lldl 
201141 7031 
The remaining six classes are 
aOCl6J 014181 a3090 
2u40 115191 5070 
WOO 2161101 ; 11010 
105090 3171111 004ogo 
30701 lo 2&0100 
a&& 1161 u4010o 
Wo 3181 0010 
1030 51101 ; 230 
4050 7101 5&o 
h7, 9121 7ogo 
90100 11141 90110 
0161 u 1070 
1171 002iI 
21% ; 3050 
3191 40% 
41101 go90 
51111 lO& 
0121 a50110 
4161 00100 
81101 ; h+% 
1131 
5171 2 
91111 7090 
0151 
2,7, 
4191 
61111 
8111 
10131 
214, 
6181 
10101. 
3151 
7191 
11111 
RRP(25,21). See Lemma 1.7. 
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RRP(29,16). Take a resolvable TD(3, 10) and remove a point. Now apply 
Construction 1.4, filling in RRP(10, 6) (Theorem 1.1) and RRP(9, 6). 
RRP(29,19). Our point set is {q, . . . , alI} U (Z, x He). 
Twelve parallel classes: 
atOol a,O, 61224 all5 
GO2 a200 a&% a204 
a31223 a3& a32014 a325 
a41324 a422 a400 a41 1% 
~5wO ; aJO02 ; a523 ; aA mod(3, -). 
a6L25 dh13 a622 ad4 
a71001 a71204 a715 a703 
6304 %23& %114 %JO 
a905 aJo24 +A a$213 
hZ2 601125 %olo ad314 
a*103 %I1405 @* &u12 
0304% oow2 
Seven classes on Z3 x Z6 are given by 
001, 21% 0003 2114 OoLAl 
022, ; 1023 0205 ; OllJ1 mod(%-). 
g: 1213 2013 1225 031323 
0105 0424 0104 &A WA 
1103 1124 0204 
Now construct an RRP(11,7) on {aI, . . . , all}. 
RRP(29,22). Our point set is {(I~, . . . , alI} U (Z, x Z,). 
Fifteen parallel classes are obtained by developing the following five classes 
mod(3, -). 
%OOlI 
a20112 
a30213 
a40314 
@4b 
622, 
a24 a22 
as25 a223 
a920 ; a324 
%A a405 
G-2 %Oo 
Oslo &Jo01 
a114 aA a113 
a215 a820 a214 
a310 %A ; a315 
a401 ad2 a400 
512 ad3 %ll 
a624 11% Q2, 
oO”204 0313 W3% 
ad 102 a25 
d203 a220 
ad5 ; a321 
a&0 a402 
~1121 a5O3 
1325 d2 
0414 a723 
44 
a91304 
a101405 
%I0015 
W2 
0111 
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Seven classes on z3 x i$- are given by 
OCIO, 
102, 2114 001020 000, 0001 100224 
2J3 O,O, ; O51525 ; OIOz ; O,O, ; 110325 mod(3, -). 
0104 12% 0113 0304 04% 
1124 &I, 0214 
Now construct an RRP(ll, 7) on {ai, . . . , all}. 
RRP(29,25). See Lemma 1.7. 
We now consider designs of order p = 5 modulo 6. Before proceeding to the 
main constructions we will need some preliminary results, the first of which is a 
refinement of Lemma 1.8. 
Lemma 3.2. Let s 2 16. Then there is a 4, 5-GDD of type 4%’ on s points, for 
some t>O and r>O. 
Proof. If s + 4 modulo 12 and s $ {21,22,23,24,25,26,27,37, 38,39} let r be 
the least residue of s - 4 modulo 12 and so write s = 4t + r where t = 1 modulo 3, 
t 2 4 and 0 < r s 4(t - 1)/3. Add a group “at infinity” of size r to a resolvable 
(4t, 4, l)-BIRD (see [2]) to obtain a 4,5-GDD of type 4’r’. Ifs = 4 modulo 12 just 
consider one of the parallel classes in a resolvable (s, 4, l)-BZBD as a set of 
groups; this yields a 4-GDD of type 4’4l where t = a(s - 4). If s E 
(21, 22, 23, 24, 37, 38, 39) remove an appropriate number of points from a fixed 
block in either a (25,5, l)-BIRD or a (41,5, l)-BZBD (see [l]) to obtain a 
4,5-GDD of type 45r’ (r = 1, 2, 3 or 4) or a 4,5-GDD of type 49r’ (r = 1, 2 or 3). 
Finally, if s E (25, 26, 27) start with a resolvable 4-GDD of type 3’ (this design 
has been constructed by F. Bennett and is given in the appendix of [S]) and, 
viewing this as a resolvable 3,4-GDD of type 46 add the relevent number of 
points at infinity to obtain a 4,5-GDD of type 4%’ (r = 1, 2 or 3). Cl 
Lemma 3.3. There exists an RRP(p, (p - 1)/2 + 2) for all p = 5 modulo 6 except 
p =5. 
Proof. Let p = 6s + 5. We consider the following cases. 
(i) s = 1 modulo 3. An RRP(ll, 7) exists by Lemma 1.7. Now let p 329. 
Take a resolvable TD(3, 2s + 2) and remove a point to obtain a resolvable 
2,3-GDD of type (2 + 2)2(& + 1)’ with replication number 2.s + 2. Apply 
Construction 1.4, filling in RRP(2s + 2, s + 2) (Theorem 1.1) and RRP(2.s + 1, s + 
2) (Theorem 2.1). 
(ii) s = 2 modulo 3. An RRP(17, 10) was constructed in Lemma 2.4. If p = 35, 
197 or 251 take a resolvable TD(3, (p + 1)/3) and remove a point. Note that 
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p = 35 modulo 54 so that we can apply Construction 1.4, filling in RRP((p + 
1)/3, (p + 7)/6) (Theorem 1.1) and RRP((p - 2)/3, (p + 7)/6) (Case (i)). Now 
let p 3 53, p # 197 or 251. From Theorem 1.10 there exists a resolvable 3-GDD 
of type 181’180’+1). R emove a point and apply Construction 1.4, filling in 
RRP(18, 10) (Theorem 1.1) and RRP(17, 10). 
(iii) s = 0 modulo 3. An RRP(5, 4) clearly does not exist, and an RRP(23, 13) 
has been constructed earlier in the section. Now let p > 41, and proceed 
inductively, i.e. assume that we have constructed all designs RRP(v, (v - 1)/2 + 
2) where 11 s v <p and Y = 5 modulo 6. Take a resolvable TD(3, 2s + 3) and 
remove four points from one of the groups to obtain a resolvable 2,3-GDD of 
type (2s + 3)‘(2s - 1)’ with replication number 2s + 3. Now apply Construction 
1.4, filling in RRP(2s + 3, s + 1) (’ 1.e. KTS(2.s + 3)) and RRP(2.s - 1, s + 1). This 
latter design exists by our induction assumption. 
This completes the proof of Lemma 3.3. 0 
Lemma 3.4. Let p = 5 modulo 6, p $ (35, 41, . . . , 95). Then there exists an 
RRP(p, k) if and only if (p-1)/2+2sksp-4 and p.(k-p+ 
1) = 0 modulo 3. 
Proof. The necessary conditions are given by Lemma 1.2. The small values of p 
have been dealt with earlier in the section so let p = 6s + 5 where s 2 16. From 
Lemma 3.2 there is a 4, 5-GDD of type 4%’ (t, r > 0) on s points. Now we use 
Theorem 1.5 to construct a 2,3-frame of type 24’(6r)’ in which the degree 
sequence is determined according to the following cases. 
(i) (p - 1)/2 + 2 s k < (p - 1)/2 + 9t + 3r - 1. Let 4 = i(k - ((p - 1)/2 + 2)) 
and let nl, . . . , nl, n, be any sequence of integers with 0~ ni s 3 and n, E 
(0, r - l} satisfying n, + C ni = q (note that 0 s q s 3t + r - 1, and also that 
3t 2 r - 1). Let the ith hole Z-& of size 24 have degree 12 + 3ni and the hole H, of 
size 6r have degree 3r + 3n, + 1 in the frame. Add five “ideal” points and apply 
Construction 1.6 with w = 5 and d = 3. On hole I& (plus the ideal points) 
construct an RRP(29, 15 + 3n,)-RRP(5, 3) (See Appendix) and on hole H, (plus 
the ideal points) construct an RRP(6r + 5, 3r + 3n, + 4) (Lemmas 3.3 and 1.7). 
We obtain a design with 24t + 6r + 5 =p points with replication number 3r + 
3n, + 4 + Ci (12 + 3nJ = 4 + (p - 5)/2 + 3q = k as desired. 
(ii) (p - 1)/2 + 9t + 3r - 1 s k c p -4. Here we let q =4(k - ((p - 1)/2+ 
3r - 1)) and take any sequence nl, . . . , n, of 3’s and 4’s satisfying C ni = q (note 
that 3t 6 q c +((p - 5)/2 - 3r) = 4t). Let ith hole Hi of size 24 have degree 
12 + 3ni and the hole H, of size 6r have degree 6r. Add five “ideal” points and 
apply Construction 1.6, this time with w = 5 and d = 1, filling in RRP(29, 13 + 
3n,)-RRP(5, 1) (Appendix) and an RRP(6r + 5, 6r + 1) (Lemma 1.7). Again an 
RRP(p, k) is obtained. 
This completes the proof of Lemma 3.4. q 
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Lemma 3.5. Let p = 77 or 95. Then there exists an RRP(p, k) for all (p - 1)/2 + 
2SkSp-4withp.(k-p+l)=Omodulo3. 
Proof. For 40 s k s 64 (p = 77) or 49 6 k ~79 (p = 95) proceed in analogous 
fashion to case (i) of the proof of Lemma 3.4, starting with a 4-GDD of type 34 
(p = 77) or 3’ (p = 95), and using as input designs to the corresponding frames 
the designs RRP(23, 13)-RRP(5, 4), RRP(23, 16)-RRP(5, 4), RRP(23, 19)- 
RRP(5, 4) (see Appendix) and RRP(23, 13), RRP(23, 19). There remain the 
cases RRP(77, k), k = 67, 70,73 and RRP(95, k), k = 82, 85, 88, 91. The designs 
RRP(77, 73) and RRP(95, 91) exist by Lemma 1.7. An RRP(77, 70) and 
RRP(95, 88) can be obtained by applying Theorem 1.11 to an RRP(17, 10). An 
RRP(77, 67) can be constructed as follows. Take as points {aI, . . . , a33} U &. 
One parallel class is formed by taking as blocks 0 1 3, 4 8 13, 14 24 35 and 
36 42 together with thirty-three pairs formed by pairing off aI, . . . , a33 with 
&,-(0, 1,3,4,8,13,14,24,35,36,42} in any manner. Develop this class mod 44. 
What remains on i& is a 23-regular cyclic graph with an edge (e.g. {0,22}) of 
even order. Now apply Theorem 1.12 to construct 23 l-factors on EM and build 
an RRP(33, 23) (Theorem 2.1) on {aI, . . . , a33}. To construct an RRP(95, 85) 
we proceed similarly, using as points {aI, . . . , a39} U Zs6 and starting with the 
blocks 0 1 3, 4 8 13, 14 24 35, 36 42, 37 44, 38 46 and 39 51. We now need 
only an RRP(95, 82). We will use as our point set {a,, . . . , az9} U Ze6. An initial 
parallel class is formed by the blocks 
1,33 8,26 39,60 
2,32 34,65 40,59 
3,31 35,64 41,58 
5,29 36,63 42,57 
6,28 37,62 45,54 
7,27 38,61 48,49,51 
together with the 29 pairs formed by pairing off the remaining residues with 
al,. . . , az9 in any order. We get 66 parallel classes by developing the above 
mod 66. Now form nine classes of triples on Z 66 by developing each of the blocks 
0,4,11, 0,5,13 and 0, lo,26 mod 66, and apply Theorem 1.12 to the remaining 
7-regular cyclic graph on & (the edge {0,33} is still there). Now construct an 
RRP(29, 16) on {aI, . . . , az9}. 
This completes the proof of Lemma 3.5. 0 
We now turn our attention to designs of order p = 1 modulo 6. 
Lemma 3.6. There exists an RRP(p, (p - 1)/2 + l)-RRP(l, 1) for every 
p = 1 modulo 6. Also, there exists an RRP(p, p - 6)-RRP(l, 1) for every 
p = 1 modulo 6, p 2 13, and there exists an RRP(25, 16)-RRP(l, 1). 
Proof. (i) an RRP(p, (p - 1)/2 + l)-RRP(l, 1) can be obtained by removing 
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two points from a Kirkman Triple System KTS(p + 2). 
(ii) For RRP(p,p -6)-RRP(l, l), the case p = 13 is done above. The 
following designs are RRP(19, 13)-RRP(l, 1) and RRP(25, 19)-RRP(l, 1): 
RRP(l9,13)-RRP(l, 1). Our point set is {q, . . . , a,} U (Z, X Z,). 
Nine parallel classes: 
@I 
u61103 mod(3, -). 
a71022 
w413 
Four classes on h3 x H4 are 
002, 0222 0023 
1001 1203 ; 0122 mod(3, -). 
1121 1323 
Now construct an RRP(7, 4)-RRP(l, 1) (Case (i) on {a,, . . . , u7}. 
RRP(25,19)-RRP(l, 1). Our point set is {aI, . . . , u7} U (Z, x Z,). 
Twelve parallel classes: 
WM2 a,% WJ2 a212 
I022 a351 1031 a352 
3& aJ2 ; 25, a430 mod(6, -). 
1152 a542 5032 a540 
4132 a,20 2142 a6OI 
a12r a74, alO a74r 
A further three parallel classes are obtained by setting i = 0, 2, 4 in the following: 
a,(0 + i),(3 + i). (0 + i),(3 + i)I (0 + i),(3 + i)2 
a,(1 + i),(2 + i). u4(1 + i),(2 + i)I u6( 1 + i)2(2 + i)2. 
u3(4 + i),(5 + i). a,(4 + i),(5 + i)I u7(4 + i)2(5 + i)2 
Four classes on H6 x Z3 are 
0041 ; 0032 ; 0051 
022242 012141 3022 mod(6, -) 
2152 
(note that the third set of blocks generates two l-factors). 
Now construct an RRP(7, 4)-RRP(l, 1) (Case (i)) on {aI, . . . , u7}. 
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Now let p 3 31, and take as points {aI, . . . , u13} U h, where n =p - 13. Let 
s = [n/4] and t = [3n/41. The blocks 
a10 a55 
a22 a,6 
a33 a77 
a44 a,8 
when n = 18, or 
aI0 a,, s + n/6 
a2, s - n/6 a,,t-3 
a3, s - 2 a10, t - 2 
cl& s - 1 a117 t 
4, s a12, t + 1 
&j, s + 1 a13, t + 2 
a7, s +2 
a1316 
1, 9 
10, 13, 17 
1,2.-l 2s,n-1 
s - (n + 6)/6, s + (n + 6)/6 t-5, t+4 
s - (n - 6)/6, s + (n - 6)/6 t-4,t-l,t+3 
s-3,s+3 
when n 3 24, form a parallel class; develop this class mod n. 
Four classes on Z, are obtained by developing the blocks 0, n/3, 2n/3, 0, n/2, 
and 0,5 mod n. Three more classes on Z,, are as follows: 
(i) O+i, l+i,2+i i=O,3,. . . ,n-3 
(ii) 1 + i, 3 + i 
2+i,4+i i=0,6,...,n-6 
5+i,6+i 
(iii) 1 + i, 3 + i 
2+i,4+i i=3,9 ,..., n-3. 
5+i,6+i 
Now construct an RRP(13, 7)-RRP(1, 1) on {aI, . . . , a13}. 
(iii) Finally, we present an RRP(25, 16)-RRP(l, 1) on the points 
{a, b, c, d, e> U {b0, h) U GG X z3). 
Twelve parallel classes: 
bo2o3o do132 002142 cl, 
h4151 e1152 ; dlo 3r5r mod(6, -). 
a003r 402, c2, 4132 
b&A 0212 350 boo, 
c5042 4ob bJ2 
bO, a5, 
(Note: in the first parallel class, the subscripts on b,, b, are to be evaluated 
mod 2.) 
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Four classes on & X Z3 are 
003, 
000102 ; WJ* ; 00% ; 0,31 mod(6, -). 
022242 0232 
Now construct an RRP(7,4)-RRP(l, 1) (Case (i)) on {a, b, c, d, e, bO, b,}. 
This completes the proof of Lemma 3.6. Cl 
We can now proceed with the bulk of our constructions for the p = 1 modulo 6 
designs. In this case we will be using Construction 1.6 with two different values of 
w, namely w = 1 or w = 7. Correspondingly, our constructions will involve writing 
p = 6s + 1 and assigning to each s a pair of group divisible designs, one having s 
points and one having s - 1 points. The assignment is as follows. For each s 5 17 
let s(s) be the group divisible design on s points given by Lemma 3.2, with the 
following change: if s = 4 modulo 12 and s 2 52 then let 3((s) be a 4,5-GDD of 
type 4’12l (obtainable by adding a group of size 12 “at infinity” to a resolvable 
(s - 12,4, l)-BZBD). For each s 3 17 let X(s) be the group divisible design on 
s - 1 points given by Lemma 3.2, except where s = 37 in which case X(37) is the 
4, 5-GDD of type 4841 obtained by removing a block and all of its points from a 
(41,5,1)-BZZ3D. Thus most of the time X(s) = %((s - 1); however we always have 
the following. If %(s) has type 4%’ then (with the same t and r) X(s) has type 
4’(r - 1)’ when r > 1, or type 4’-‘4l when r = 1. 
Lemma 3.7. Let p = 1 modulo 6, p $ {31,37, . . . ,97}. There exists an RRP(p, k) 
ifandonlyif(p-1)/2+3Sk~p-4andp*(k-p+l)~Omodulo3. 
Proof. The necessary conditions are given by Lemma 1.2, and the small values of 
p have been dealt with earlier in the section. Let p = 6s + 1, s 2 17, and write 
s = 4t + r where 4%’ is the group-type of %(s) (see above). Consider the following 
cases. 
(i) r = 1. If (p - 1)/2 + 3 c k s (p - 1)/2 + 3 + 6t let 4 = $(k - ((p - 1)/2 + 
3)) and let nl, . . . , n, be any sequence of integers with 0~ ni < 2 satisfying 
C ni = 4. Use Theroem 1.5 to construct from %(.Y) a 2,3-frame of type 24’6l in 
which the ith hole ZZi of size 24 has degree 12 + 3ni + 2 if i = 1, or 12 + 3n, if i > 1, 
and in which the hole of size 6 has degree 3. Now apply Construction 1.6 with 
w = 1 and d = 1, filling ZZi with an RRP(25, 12 + 3nl + 3), the remaining Z-Zj with 
RRP(25, 12 + 3ni + l)-RRP(1, 1) and the hole of size 6 with an RRP(7,4)- 
RRP(l, 1) (see Lemma 3.6). 
If (p - 1)/2 + 6 + 6t s k up - 4 we let q = $(k - ((p - 1)/2 + 12)) and let 
4, *. . 7 n,_I be any sequence of integers with 2 s ni s 4, satisfying x ni = q (note 
that when k =p - 4, q = b(p - 31) = 4(t - 1)). Starting with X(s), construct a 
2,3-frame of type 24’-‘24i in which the ith hole has degree 12 + 3ni, i = 
1 3 . . * 7 t - 1 and in which the last hole has degree 24. Add seven “ideal” points 
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and apply Construction 1.6 with w = 7 and d = 3, filling in RRP(31, 15 + 3ni)- 
RRP(7, 3) (see Appendix) for i = 1, . . . , t - 1, and an RRP(31,27) (Lemma 
1.7). 
(ii) r > 1. If (p - 1)/2 + 3 c k s (p - 1)/2 + 3(r - 1) + 6t take a sequence 
n,, . . . , nt, n, with 0 s ni s 2 and n, E (0, r - 2) satisfying rz, + C ni = q = i(k - 
((p - 1)/2 + 3)) (such a sequence exists since 2t 2 r - 3). Now continue as in the 
first part of case (i), replacing the hole of size 6 with a hole of size 6r and giving 
this hole degree 3r + 3n,; this hole is then filled with an RRP(6r + 1, 3r + 3n, + 
l)-RRP(1, 1) (Lemma 3.6). 
On the other hand if (p - 1)/2 + 3(r - 1) + 6t c k S,D - 4 we take a sequence 
of t integers rrl, . . . , nt, 2 s n, s 4, satisfying C ni = q = $(k - ((p - 1)/2 + 3(r - 
1))) (when k =p - 4, q = i(p - 1 - 6r) = 4t). Continue as in the second part of 
case (i), using X(S) to construct a frame of type 24’(6r - 6)l, giving the holes of 
size 24 degree 12 + 3ni and the hole of size 6r - 6 degree 6r - 6. This last hole is 
to be filled with an RRP(6r + 1, 6r - 3) (Lemma 1.7). 
This completes the proof of Lemma 3.7. 0 
Lemma 3.8. Let p = 73, 91 or 97. Then there exists an RRP(p, k) for all k with 
(p - 1)/2 + 3 c k Sp-4andp*(k-p+l)=Omodulo3. 
Proof. We start with p = 97. If 516 k s 75 then we just proceed as in the first 
part of case (ii) of the proof of Lemma 3.7, using a 4-GDD of type 4341. If 
k = 78, 81 or 84 proceed in similar fashion except that we use Construction 1.6 
with w = 1 and d = 0, filling in the appropriate 25point RRP’s. An RRP(97, 93) 
exists by Lemma 1.7, and an RRP(97, 90) can be obtained by applying Theorem 
1.11 to an RRP(l9, 12). 
Finally an RRP(97, 87) can be constructed in similar fashion to the construction 
for RRP(77, 67) ( see Lemma 3.5), using {a,, . . . , a39} U i& as the point set and 
starting with the blocks 0 1 3, 4 8 13, 14 24 35, 36 42, 37 44, 38 46, 39 51 and 
40 53. 
Consider now the cases p = 73,91. If 39 6 k s 60 (p = 73) or 48~ k ~75 
(p = 91) then apply Theorem 1.5 to a 4-GDD of type 34 (for p = 73) or 35 (for 
p = 91) to obtain the appropriate frame according to the following cases: 
(i) 39SkS51 (p=73) or 48~ k ~663 (p = 91): use Construction 1.6 with 
w = 1 and d = 1, filling in RRP(19, lO)-RRP(l, l), RRP(19, 13)-RRP(l, 1) (see 
Lemma 3.6) and an RRP(19, 12) or RRP(19, 15). 
(ii) 48GkS60 (p=73) or 60~ k <75 (p = 91): use Construction 1.6 with 
w = 1 and d = 1, filling in the appropriate 19-point RRP’s. 
The designs RRP(73, 69) and RRP(91, 87) exist by Lemma 1.7, and an 
RRP(91, 84) can be obtained by applying Theorem 1.11 to an RRP(19, 12). An 
RRP(73, 66) can be constructed on the point set {al, . . . , az5} U ha as follows. 
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Form an initial parallel class by taking the blocks 
1, 23 6, 18 24,47 
2, 22 7, 17 5, 19 
3, 21 8, 16 34, 35, 37 
4, 20 9, 15 
together with the twenty-five pairs obtained by pairing off the remaining residues 
with a,, . . . , uzs in any order. Develop this class mod 48 and then construct 18 
classes on Ha8 by developing the block 0,4,11 (for three classes) and then 
applying Theorem 1.12 (note that the edge {0,24} is still there). Finish by 
constructing an RRP(25, 18) on {al, . . . , az5}. 
The designs RRP(73, 63) and RRP(91, 81) can be constructed in like manner 
to the construction for RRP(77, 67) (see Lemma 3.5). For the first design take 
the points {al,. . . , uz7} U i&, starting with the blocks 0 1 3, 4 8 13, 14 24 35, 
36 42, 37 44, 38 5, 39 7 and 40 9. For the second design take the points 
{a,, . . . 9 uj9} U i&, starting with the blocks 0 1 3, 4 8 13, 14 24 35, 36 42 and 
37 44. 
There remains to be constructed only an RRP(91,78). We will construct such a 
design with a sub-RPP(39, 26), using the point set {al, . . . , c+} U (Zl3 X Ed). 
Form one parallel class with the blocks 001030, 2070, 4,10,, 5090, 6183 and 11,123 
together with the thirty-nine pairs obtained by pairing off the remaining elements 
of Ei3xZ4 with (I~,. . . ,u39 in any manner. Fifty-two parallel classes are now 
obtained by developing this class mod (13,4). The 26 classes on Zi3 x Z, are 
obtained by developing each of the following two classes mod (13, -): 
001132 1061 
208162 30111 
4,,7r112 mod(-,4) ; 8071 
1 
mod(-, 4). 
~9~ 9051 
1005, 1004  
OCIO,, 0103 
20&v 2223 
120123, 121122 
This completes the proof of Lemma 3.8. •i 
Theorem 3.1 is now a consequence of the results of this section. There seem 
little doubt that Theorem 3.1 will remain true if we drop the restriction on S. 
However, we do not know at present of any efficient techniques for constructing 
the remaining designs. 
4. Extension to R*RP’s 
In this section we will obtain results concerning the more general class of 
designs R*RP(p, k); we will be particularly concerned with designs in which the 
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“aberrant” block(s) have size 1, and throughout this section the notation R*RP 
will mean a design of this type unless specifically indicated otherwise. We will 
prove here the following. 
Theorem 4.1. Given any odd integer p 2 99 (p # 155) and any k with (p + 1)/2 < 
ksp -4 there exists an R*RP(p, k) with block sizes from { 1, 2, 3}, i.e. a 
near-(1, 2)-factorization of K, with cardinal@ k. 
Note that by Theorem 2.1 we need consider only the cases p = 1 or 5 modulo 6. 
As in Section 3 we begin by considering designs of order p = 5 modulo 6. 
Lemma 4.2. There exist R*RP(p, (p - 1)/2 + 1) and R*RP(p, (p - 1)/2 + 3) for 
all p = 5 modulo 6 except p = 5. 
Proof. (i) k = (p - 1)/2 + 1. The following design is an R*RP(ll, 6): 
1, 7, 10 2, 8, 6 3, 9, 7 4, 10, 8 5, 6, 9 1, 6 
2, 5 so, 3,l 00,492 5, 3 1, 4 2, 7 
3,4, 6 4, 597 5, 1, 8 1, 2, 9 2, 3, 10 3,8 . 
03, 8, 9 9, 10 10, 6 ~,6,7 7, 8 4, 9 
co 00) 5, 10 
If p 2 17 remove a point from a Nearly Kirkman Triple System NKTS(p + 1). 
(ii) k = (p - 1)/2 + 3. We start with the cases p = 11, 17, 23. 
R*RP(ll, 8). 
1, 6, 7 2, 7, 8 3, 8, 9 4, 9, 10 
2, 9 3, 10 4, 6 5, 7 
5, 8 1, 9 2, 10 3, 6 
3, 4 4, 5 5, 1 1, 2 
cc), 10 6 00,7 00, 8 
co 
5, 10, 6 00,296 00, 325 2, 5 
1, 8 4, 8 2, 4 m,4, 1 
4,7 5, 9 1, 10 3,7 . 
2, 3 1, 3 6, 8 6, 9 
w, 9 7, 10 7, 9 8, 10 
R*RP(17,11). Our point set is {a, 6) U (Z, X Z,). 
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Nine parallel classes: 
aOOO1 2114 aO& 2003 a04 0114 
blllz O,O, ; b2324 1121 ; bO,, 112J3 mod(3, -). 
102, 0323 001, I222 I02112 020324 
201324 1,010, 2023 
The last two classes are 
a, b 2103 a 2012 
QJo& O& ; b 0123 . 
0113 122.4 @J&l 1103 
I,23 22% oJ2 2113 
1002 
R*RP(23,14). Our point set is {a, b} U (Z, X Z,) 
Twelve parallel classes are obtained by developing each of the following classes 
mod (3, -): 
The last two classes are: 
a, b 0204 
Q.Jo& 1214 
0105 2224 
1115 0306 
2125 1316 
2326 
002213 
012314 
022415 
032516 
a1516 
b1213 
u 
Ea. 
a&Jo 
%&I1 1 
a2112 
4 
010206 
1121 
22% 
0323 
0424 
01% 
1114 
2124 . 
03% 
1315 
23% 
Now let p 3 29. If p = 11 or 17modulo 18 we proceed as follows. Take a 
resolvable TD(3, (p + 4)/3) and remove a block together with some point not 
contained on that block to obtain a resolvable 1,2,3-GDD of type ((p + 
1)/3)2((p - w3Y, with replication number (p + 4)/3, containing two (disjoint) 
blocks of size 1. Since p = 11 or 17 modulo 18 we have (p + 1)/3 =4 or 
0 modulo 6 and (p - 2)/3 = 3 or 5 modulo 6. Thus by Theorems 1.1 and 2.1 and 
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Lemma 3.3 we can apply Construction 1.4 to the above GDD, filling in 
RRP((p + 1>/3, (P + 7)/6) and RRP((p - 2)/3, (p + 7)/6) to obtain an 
R*RP(p, (p - 1)/2 + 3). 
On the other hand if p = 5 modulo 18, p 2 41 we proceed inductively, i.e. 
assume that we have constructed R*RP(u, (v - 1)/2 + 3) for all u with 11 s v <p 
and u = 5 modulo 6. Take a resolvable TD(3, (p + 4)/3) and remove four points 
from one of the groups to obtain a resolvable 2,3-GDD of type ((p + 
4)/3)2((p - 8)/3)l. N ow apply Construction 1.4, filling in RRP((p + 4)/3, (p + 
7)/6) (Theorem 2.1) and an R*RP((p - 8)/3, (p + 7)/6) (which exists by our 
inductive assumption). 
This completes the proof of Lemma 4.2. Cl 
Lemma 4.3. There exist R*RP(p,p - 5) and R*RP(p,p - 6) for all 
p = 5 modulo 6, p > 17. Also, there exists an R*RP(ll, 6). 
Proof. (i) k =p - 5. We begin with p = 11, 17, 23. 
R*RP(ll, 6). See Case (i) of Lemma 4.2. 
R*RP(17,12). Our point set is {a, b, c} U (Z, x Z,). 
Ten parallel classes: 
&Or a0203 a15 
bO.& co‘& bo;? 
co2 ; b13 ; cl, 
100314 w4 0012 
1116 Llo112 ksM6 
12% lla5 01% 
1315 1516 030.5 
1314 
The remaining two classes are 
a, b, c 01°213 
w, 111203 ; bO,l, 
1006 041, CO& 
1405 0010 
R*RP(23,18). Our point set is {a,, . 
al6 a04 
boo bll 
, co3 ; co, mod(2, -). 
1015 1013 
011, 010s 
111305 021406 
02% 1215 
12% 0316 
0111 
0212. 
0313 
0414 
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Fourteen parallel classes are obtained by developing the following seven classes 
mod (2, -). 
a112 adlO a113 
a*13 a700 a214 
0314 O116 ; a315 
a415 1102 (1416 
a517 03% a510 
O4O607 
a115 a613 aI16 
a2l6 a704 a2l7 
a317 000203 ; a310 
a410 0114 a411 
a512 1107 a513 
O506 
Four classes on Z2 x h8 are 
0010 0414 0014 
011, 0515 ; h& 
O2l2 O6l6 o115 
0313 0717 11% 
u611 a104 
a701 a215 
oO”So7 ; u316 
0217 a417 
1204 d, 
O3O6 
a6l4 a117 
u706 a210 
0015 ; a311 
w304 a412 
0207 a514 
12% 
0216 0012 
12O6 ; 1002 
0317 w5 
1307 111, 
u612 
a702 
000106 
1003 
13% 
1407 
u615 
a703 
0016 
0107 
0204% 
l3O6 
0307 
1317 ; 
04l6 
l4O6 
~10011 
a20102 
; 1131203. 
a41304 
a50516 
u6o617 
a71507 
1014 
0017 O2O6 
lo07 12l6. 
0113 0415 
1103 14% 
Now construct an R*RP(7,4) (Lemma 3.6) on {al,. . . , u7}. 
Now let p *29, and take the point set {a,, . . . , all} U Z, where n =p - 11. 
Let s = [n/4] and t = [3n/4]. The blocks 
al, 0 &I, 8 all, 17 
a21 2 @I, 10 1, 9 
a3, 4 %, 11 397 
a4, 5 a9, 14 12, 13, 15 
as, 6 010, 16 
when n = 18, or 
01, 0 u7, t - 4 1,2.s-1 
~21 .s - (n/6) us, t-3 
u3, s - 1 a9, t 
u4, s a107 t + 2 s - (n + 6)/6, S + (n + 6)/6 
u5, s + 1 a,,, t+3 
%r .S + (n/6) t-2,t-l,t+l S - (n - 6)/6, s + (n - 6)/6 
s-2,s+2 
2s,n-1 
t-5, t+4 
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when n 2 24, form a parallel class. Develop this class modulo n and then 
construct six classes on Z, by developing the blocks 0, n/3, 2n/3, 0, n/2, 0, 5 
and 0,7 mod n. Now construct an R*RP(ll, 6) on {aI, . . . , all}. 
(ii) k =p - 6. We start with the cases p = 17, 23, 29 and 35. 
R*RP(17,11). This is constructed in case (ii) of Lemma 4.2. 
R*RP(W, 17). Our point set is {a,, . . . , a7} U {Ed X 22,). 
Twelve parallel classes: 
a*Ool, %l, a713 03 
@I12 43 1033 a*30 
Q30213 a300 2011 a301 
0310 ; a431 3022 ; a* 
QO& @I 010223 a533 
@I& a532 Go 
a73031 
3233 
Five classes on Zq x & are given by 
0003 ; lo& ; @Jo w2 ; 0010 
0132 3123 0121 0323 0111 
a732 
%%13 
10% 
1123 mod(4, -). 
21% 
0212 mod(4, -) 
0313 
(note that the last set of blocks generates two l-factors). 
Now construct an R*RP(7, 5) (obtainable by removing a block of size two from 
an RRP(9, 5)) on {a,, . . . , u7}. 
R*RP(29,23). We refer to the RRP(29, 22) constructed in the early part of 
Section 3. Change the last two classes on Z3 x if6 to the three classes 
0001 0014 1002 
120, ; 0115 ; 1,03 mod(3, -). 
13% 0203 w5 
Now construct an R*RP(ll, 8) (case (ii) of Lemma 4.2) on {aI, . . . , all}. 
R*RP(35,29). Our point set is {aI, . . . , u14} U (Z, x Z,). 
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Twenty-one parallel classes: _ 
410 a701 al352 
a220 4321 al462 
a330 +A 001132 mod(7,3). 
40 al041 0212 
450 aA 22A2 
a660 a1261 
Eight classes on 2, X Z3: 
&Al2 6032 
160 11% 
&Ol 4J2 ; OoOIOz mod(7, -). 
3022, 6152 
4062 0242 
Now construct an R*RP(14, 8) (obtainable by removing a point from an 
RRP(15, 8)) on {aI, . . . , ala}. 
Now let p 3 41, and take the point set {a,, . . . , a17} U Z,, where n =p - 17. 
Let s = [n/41 and c = [3n/4]. The blocks 
al, 0 a6, 7 all, 15 
a2, 2 a7, 8 a12, 16 
a3, 4 aa, 10 a13, 18 
a4, 5 a,, 12 a14, 19 
as, 6 alo, 13 a15, 20 
when n = 24, or 
a16, 22 
a17, 23 
1, 11 
319 
14, 17, 21 
al, 0 a9, t-6 
a2, s - (n/6) al0, t - 5 
a3, s -2 all, t - 3 
a4, s - 1 a12, t - 2 
as, s a13, t 
a6, s + 1 a14, t + 1 
a7, s +2 a15, t + 2 
as, s + (n/6) a16, t+4 
t-4,t-1,t+3 a17, t + 5 
1,2S-1 2S,n-1 
s - (n + 6)/6, S + (n + 6)/6 t-7, t+6 
s - (n - 6)/6, S + (n - 6)/6 
s-3,s+3 
when IZ 3 30, form a parallel class. Develop this class mod n, and construct eleven 
classes on Z, as follows. Eight classes are obtained by developing the blocks 0, 
n/3, 2n/3, 0, n/2, 0, 5 0, 9 and 0,ll mod n. The last three classes are 
(i) O+i, l+i,2+i, i=O,3,. . . ,n-3 
(ii) 1 + i, 3 + i 
2 + i, 4 + i, i=0,6,...,n-6 
5+i,6+i 
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(iii) 1 + i, 3 + i 
2 + i, 4 + i, i=3,9 ,..., n-3. 
5+i,6+i 
Now construct an R*RP(17, 11) on {al, . . . , al,}. 
This completes the proof of Lemma 4.3. 0 
Remark. It is easy to see that an R*RP(ll, 5) cannot exist with block sizes 1, 2 
and 3; however there does exist on R*RP(ll, 5) with block sizes 2, 3 and 4 (just 
remove a point from a resolvable TD(3,4) and identify groups as blocks). 
We now proceed with the main constructions for p = 5 modulo 6, which are in 
fact only minor variations on the constructions in Lemma 3.4. 
Lemma 4.4. Let = 5 p modulo 6, 2 p 101. There exist R*RP(p, k) (with block 
sizes 1, 2 and 3) for all k = 0 modulo 3 with (p - 1)/2 + 1 G k up - 5. 
Proof. Proceed exactly as in Lemma 3.4, with the following changes. 
Case 
(p - 1)/2 + 1 <k 
S(p-1)/2+9t+3r-2 
Degree of 
hole H, 
3r + 3n, 
Design to be 
constructed on 
hole H, 
R*RP(6r + 5, 3r + 3n, + 3) 
(Lemmas 4.2, 4.3) 
(p-1)/2+9t+3r-2Sk 
Sp-5 6r - 1 
R*RP(6r + 5,6r) 
(Lemma 4.3) 
0 
The corresponding constructions for R*RP(p, k) where k = 2 modulo 3 are 
complicated (in part) by the fact that an R*RP(ll, 5) does not exist with block 
sizes 1, 2 and 3. The effect of this is that we will want to begin constructing the 
frames from GDD’s of type 4%’ where r # 0, 1. To this end we have the following 
refinement of Lemma 3.2. 
Lemma 4.5. Let s 3 16. Then there exists a 4, 5-GDD of type 4%’ on s points, for 
some t > 0 and r > 1, except when s = 17 and possibly s = 25. 
Proof. Analyzing Lemma 3.2 we see that the values of s for which the 
corresponding GDD has r = 1 are where s = 5 modulo 12 or s = 21, 25, 37. If 
s = 5 modulo 12 and s 3 65 add 13 points “at infinity” to a resolvable (s - 
13, 4, l)-BZBD to obtain a 4, 5-GDD of type 4 a(S-13)131. There remain the values 
s = 17,21,25,29,37,41 and 53. Clearly no such GDD can exist when s = 17, and 
we have been unable to settle the case s = 25 (in this case the group type would 
have to be 4551). The remaining cases are done below: 
s = 21. Start with the affine plane of order 5 and label the points on one block 
with 1,2,3,4,5. Let Bi, Bz, B3, Bq, B5 be a parallel class of blocks where i E Bj. 
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Now remove the points 1,2,3 and 4. What remains is a 4,5-GDD of type 4451 
with groups B5 and Bi - {i}, i = 1, 2, 3, 4. 
s = 29. Start with Bennett’s resolvable 4-GDD of type 3’ (this design is referred 
to in Lemma 3.2) and add 5 “infinite” points to obtain a 4,5-GDD of type 4651 
s = 37. construct a resolution of Kz8 into ten parallel classes of triples and 
quadruples: 
O&30 20416213 
012161 40115223 ; 00010203 ; 1,,213243 ; 30612253 mod(7, -). 
023222 50311263 
034353 60514233 
Now add nine “infinite” points to obtain a 4,5-GDD of type 4791. 
s = 41. Start with a resolvable TD(4,9) and distinguish two of its parallel classes 
PI and P2. Add a set B of four “ideal” points and on each group (plus the ideal 
points) construct a (13,4, l)-BZBD in which B is a block. We now have a 
(40,4,1)-BZBD in which there are two parallel classes PI U {B} and P2 U {B} 
which intersect in exactly one block (namely B). Now add a new (fixed) point x to 
each block of PI U {B}. This yields a 4,5-GDD of type 4951, with groups 
Pz U {B u {XI>. 
s = 53. Proceed as in the case s = 41, starting with a resolvable TD(4, 12). A 
4,5-GDD of type 41251 is obtained. 
This completes the proof of Lemma 4.5. 0 
Now we can prove the following result. 
Lemma 4.6. Let p = 5 modulo6, p B 101, p # 107 or 155. There exists an 
R*RP(p, k) (with block sizes 1, 2 and 3) for all k = 2 modulo 3 with (p - 1)/2 + 
3<ksp-6. 
Proof. Let p = 6s + 5, where s Z= 16 (s f 17 or 25). Use Lemma 4.5 to construct a 
4,5-GDD on s points with group-type 4%’ (t > 0, r > l), and apply Theorem 1.5 
to construct a 2,3-frame of type 24’(6r)’ where the degree sequence is 
determined as follows. 
(i) (p-1)/2+3~k~(p-1)/2+9t+3r-3. Let q=$(k-((p-1)/2+3)) 
and let n,, . . . , n,, n, be a sequence of integers with 0 s ni G 3 and n, E (0, r - 2) 
where n, + C ni = q. Proceed as in case (i) of Lemma 3.4, except that hole H, is 
given degree 3r + 3n, + 2 and is filled with an R*RP(6r +5, 3r + 3n,+ 5) 
(Lemmas 4.2 and 4.3). 
(ii) (p - 1)/2 + 9t + 3r - 3 =z k =~p - 6. Let q = f(k - ((p - 1)/2 + 3r - 3)) and 
take a sequence n,, . . . , n, of 3’s and 4’s satisfying C ni = q; proceed as in case 
(ii) of Lemma 3.4 except that hole H, is given degree 6r - 2 and is filled with an 
R*RP(6r + 5, 6r - 1) (Lemma 4.3). 0 
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The case p = 155 could be settled as above if there exists a 4, 5-GDD of type 
4?j1. We do the case p = 107 now. 
Lemma 4.7. Let p = 107. There exists an R *RP(p, k) (with block sizes 1, 2 and 3) 
for all k = 2 modulo 3 with 56 s k s 101. 
Proof. If 56 s k s 92 we proceed as follows. Let q = i(k - 56) and let n,, n2, Q, 
n4 be a sequence of O’s, l’s, 2’s and 3’s such that n1 + it* + Q + n4 = q. Apply 
Theorem 1.5 to a 4,5-GDD of type 4411 to construct a 2,3-frame of type 24461 in 
which the ith hole of size 24 has degree 12 + 3n, and the hole of size 6 has degree 
5. Apply Construction 1.6 (with w = 5 and d = 3), filling in the relevant 
“incomplete” 29-point RRP’s and an R*RP(ll, 8). (Note that we are essentially 
proceeding as in case (i) of Lemma 4.6, where IZ, = 0.) 
There remain the cases k = 95, 98, 101. An R*RP(107, 101) exists by Lemma 
4.3, and an R*RP(107, 98) can be obtained by applying Theorem 1.11 to an 
R*RP(23, 14) (L emma 4.2). An R*RP(107, 95) can be constructed as follows. 
Take the point set {a,, . . . , az9} U Z,8. Develop the following class mod 78: 
al, 0 a12, 37 a23, 62 6, 34 40,77 
a2, 3 a13, 47 a24, 8, 32 41,76 
a3, 7 a14, 48 a25, g 9, 31 42,75 
a4, 16 a15, 49 a26j 67 10,30 43,74 
a5, 18 al6, 50 a27, 68 11,29 44,73 
a6, 19 a17, 52 a28, 69 12, 28 45, 72 . 
a7, 20 a18, 53 a29, 70 13,27 46,71 
as, 21 a19, 55 1, 39 14,26 51,66 
a9, 22 azO, 56 2, 38 15, 25 54,63 
alo, 24 a2l1 59 4, 36 17, 23 57, 58, 60 
all, 33 a22, 61 5, 35 
Now construct 17 classes on ZT8 as follows. Fourteen classes are obtained by 
developing the blocks 0,4,11, 0,5,13, 0,19, 0,21, 0,23, 0,26,52 and 
0,39 mod 78. A further three classes are 
(i) O+i, 17 +i, 34+ i, i = 0,3,. . . ,75 
(ii) 17 + i, 51 + i 
34 + i, 68 + i, i = 0, 6, . . . ,72 
7 + i, 24 + i 
(iii) 17 + i, 51 + i 
34 + i, 68 + i, i = 3,9, . _ . ,75. 
7 + i, 24 + i 
Finish by constructing an R*RP(29, 17) (Lemma 4.2) on {aI, . . . , az9}. 
This completes the proof of Lemma 4.7. •i 
Lemmas 4.4, 4.6 and 4.7 settle Theorem 4.1 for designs of order p ~5 
modulo 6 (note that where k = 1 modulo 3 an R*RP(p, k) is just an RRP(p, k), 
and these designs were constructed in Section 3). We turn our attention now 
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to designs of order p = 1 modulo 6. Our constructions will involve only minor vari- 
ations on the proof of Lemma 3.7. We obtain first some preliminary results. 
Lemma 4.8. There exist R*RP(p,p -5) and R*RP(p,p - 6) for all 
p = 1 modulo 6 except p = 1,7. 
Proof. The case k = p - 6 is a consequence of Lemma 3.6, so we may assume 
that k =p - 5. An R*RP(13, 8) can be obtained by removing a block of size two 
from an RRP(15, 8) (Theorem 2.1). 
R*RP(U, 14). Our point set is {a,, . . . , a,} U (Z, X Z,). 
Nine parallel classes: 
1020 0203a2 00a3 l113a6 %a6 214 
oO”lal lZa6 ; L&a5 Aa2 ; l&a7 0za4 mod(3, -). 
lra4 134 2023a4 02% &a2 be 
&%a3 234 %a7 03h 0113 23a3 
1103 
Five classes on Z3 X Z, are 
002, 0011 0022, w3 023 
01112, ; 0213 ; 0223 ; Or& ; O122 mod(3, -). 
031323 
Now construct an R*RP(7, 5) (obtainable by removing a block of size two from 
an RRP(9, 5)) on {a,, . . . , a,}. 
R*RP(25,20). Construct a group divisible design of type 83 in which there are 
two parallel classes of triples and corresponding to each group there are six 
“holey” parallel classes of pairs. Add one “ideal” point and on each group (plus 
the ideal point) construct an RRP(9, 6) (Theorem 2.1). 
Let p 3 31, and take the points {a,, . . . , a13} U Z,, where IZ =p - 13. Let 
s = [n/41 and t = [3n/4]. The blocks 
aI,0 a5,5 a,, 10 a13, 14 
a2, 2 a6, 6 alo, 17 1,9 
a3, 3 a7, 7 all, 11 12, 13, 15 
a4, 4 as, 8 a12, 16 
when 12 = 18, or 
al, 0 as, t - 4 1,2S-1 2S,n-1 
a2, s -n/6 a9, t-3 
a3, s - 1 alo t S - (PI + 6)/6,-s + (n + 6)/6 
a4, s all, t + 2 t-6, t+5 
as, s + 1 a12, t + 3 s - (n - 6)/6, s + (n - 6)/6 
a6, S + n/6 a13, t + 4 
a,, t-5 t-2,t-1,t+1 s-2,s+2 
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when n 2 24, form a parallel class. Develop this class mod n. Form eight classes 
on Z,, as follows. Five classes are obtained by developing the blocks 0, n/3, 2n/3, 
0, 5 and 0,7 mod n. The remaining three classes are obtained either by 
developing the blocks 0, n/2 and 0,9 mod n if n 2 24, or by developing the 
parallel class 0,9 3,12, 6,15, 1,5 4,8 7,ll lo,14 13,17 16,2 
modn if n = 18. Now construct an R*RP(13, 8) on {aI, . . . , a13}. 
This completes the proof of Lemma 4.8. 0 
Lemma 4.9. There exist R*RP(25, 14), R*RP(25, 17) and R*RP(25, 20). 
Proof. 
R*RP(25,14). Remove a block of size two from an RRP(27, 14) (Theorem 2.1). 
R*RP(25,1’7). We refer to the RRP(25, 16)-RRP(l, 1) constructed in case (iii) 
of Lemma 3.6. Replace the first and last classes on Z6 x Z3 by the three classes 
0001 ; 0102 ; O,O, mod(6, -) 
0232 003, 0131 
to obtain an RRP(25, 17)-RRP(7, 5); now construct an R*RP(7, 5) (obtainable 
by removing a block of size two from an RRP(9, 5)) on the “missing” subdesign. 
Finally an R*RP(25, 20) was constructed in Lemma 4.8. 0 
We proceed now to the main constructions. 
Lemma 4.10. Let p = 1 modulo 6, p 2 103. There exists an R*RP(p, k) (with 
block sizes from (1, 2, 3)) for all k with (p - 1)/2 + 1~ k up - 4. 
Proof. We may assume that k + 0 modulo 3 since these designs are RRP’s and 
have been constructed in Section 3. 
(i) k = 1 modulo 3. Proceed exactly as in the proof of Lemma 3.7, with the 
following changes. 
(ia) r = 1: Where (p - 1)/2 + 1 == k s (p - 1)/2 + 1 + 6t, give hole HI 
degree 12+ 3n, and fill it with an R*RP(25, 12+ 3nI + 1) (Lemma 3.6); 
where (p - 1)/2 + 4 + 6t s k <p - 6, give the last hole of size 24 degree 22 
and fill it with an R*RP(31, 25) (Lemma 4.8). 
(ib) r > 1: Where (p - 1)/2 + 1~ k s (p - 1)/2 + 3r - 5 + 6t, give hole HI 
degree 12+ 3nI and fill it with an R*RP(25, 12 + 3nl + 1); where (p - 
1)/2 + 3r - 5 + 6t s k sp - 6, give the hole of size 6r - 6 degree 6r - 8, 
and fill it with an R*j?P(6r + 1, 6r - 5) (Lemma 4.8). 
(ii) k = 2 modulo 3. Again we proceed exactly as in the proof of Lemma 3.7, 
with the following changes. 
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(iia) r = 1: Where (p - 1)/2 + 2 s k S (p - 1)/2 + 2 + 6t, give hole HI 
degree 12 + 3nI + 1 and fill it with an R*RP(25, 12 + 3~2, + 2) (Lemma 4.9); 
where (p - 1)/2 + 5 + 6f s k up - 5 give the last hole of size 24 degree 23 
and fill it with an R*RP(31, 26) (Lemma 4.8). 
(iib) r > 1: Where (p - 1)/2 + 2 d k 6 (p - 1)/2 + 3r - 4 + 6t, give hole 
HI degree 12+3n, + 1 and fill it with an R*RP(25, 12 + 3nI +2); where 
(p-1)/2+3r-4+6takap-5, give the hole of size 6r-6 degree 
6r - 7, and fill it will an R*RP(6r + 1, 6r - 4) (Lemma 4.8). 
This completes the proof of Lemma 4.10. •i 
Lemma 4.10 now settles Theorem 4.1 for designs of order p = 1 modulo 6. 
As previously indicated (see the remark following Lemma 4.6) the case p = 155 
in Theorem 4.1 can be settled by constructing a 4,5-GDD of type 4551. 
However, since in one of the more relevant applications of these designs (i.e. the 
g(“)(v) problems, see [8]) it does not matter whether the “aberrant” blocks have 
size 1 or 4, we will prove the following. 
Lemma 4.11. Let p = 155. There exists an R*RP(p, k) (with block sizes from 
{ 1,2,3,4}) for all k = 2 modulo 3 with 80 s k s 149. 
Proof. Write p = 6.25 + 5 and apply Theorem 1.5 to a 4,5-GDD of type 4Y1 
(Lemma 3.2) to obtain a 2,3-frame of type 24661 in which the degree sequence is 
determined as follows. 
(i) 80sks134. Let n,, . . . , n6 be a sequence of O’s, l’s, 2’s and 3’s with 
C ni = f(k - 80). G’ tve the ith hole of size 24 degree 12 + 3n, and the hole of 
size 6 degree 5. Apply Construction 1.6 with w = 5 and d = 3, filling in 
RRP(29, 15 + 3ni)-RRP(5, 3) (Appendix) and an R*RP(ll, 8) (Lemma 4.2). 
The designs here have block sizes 1, 2 and 3. 
(ii) 131 <k~ 149. Let n,, . . . , n6 be a sequence of 3’s and 4’s with c ni = 
$(k - 77); give the ith hole of size 24 degree 12 + 3ni and the hole of size 6 
degree 4. Apply Construction 1.6 with w = 5 and d = 1, filling in RRP(29, 12 + 
3n, + l)-RRP(5, 1) (Appendix) and an R*RP(ll, 5) (see the remark following 
Lemma 4.3). These designs will have block sizes 2, 3 and 4. Cl 
5. Conclusion 
Various applications of restricted resolvable designs were presented in the 
introduction of [8]; in particular the results in this paper, together with [8], [3] 
and [5], give a complete solution to the g’“‘(v) problem where 2k + 1 s u s 3k 
and u -k ~98 (except for gCk’(3k) where k = 2 modulo 3). Moreover (except 
possibly where u - k = 155) there exist optimal configurations for gck)(v) in which 
the blocks have size from (2, 3, 4, k}. 
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Note added in proof. The author has established that Theorem 3.1 remains valid 
upon dropping the restriction on s, thus settling completely the existence question 
for RRPs (‘The spectrum of restricted resolvable designs with r = 2’, to appear in 
Discrete Math.). 
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Appendix 
RRP(23,13)-RRP(5,4). Take a resolvable TD(3, 9) and remove four points 
from one of the groups. Apply construction 1.4, filling in RRP(9, 4) (i.e. KTS(9)) 
and leaving the group of size 5 “empty”. 
RRP(23,16)-RRP(5,4). Our point set is {a,, u2, u3, a4, u5} U (Z, X 27,). 
Twelve parallel classes: 
%OoO1 25, 002~42 622 
a21112 482 ; LA ~2% mod(6, -). 
a310& 5042 MO a352 
a43d, 3122 3141 a411 
&52 W2 ~550 
0212 
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Four classes on Z6 X Z3 are: 
O&32 W2 Oc&l4rJ 022242 
100142 GVLl 123252 
201152 ; g: ; 1141 ; 215, . 
302102 3042 2101 3111 
403112 4052 3151 4101 
504122 5,02 0232 0030 
0131 1242 1 5 2 5 z: 
2141 
RRP(23,19)-RRP(5,4). Our point set is {aI, u2, a3, u4, as} U (hg x h6). 
Fifteen parallel classes are obtained by developing the following five classes 
mod(3, -). 
Gwl 0204 
a211 0305 
a310 1224 ; 
G&l 2214 
%A 13% 
2315 
05 WI 
a220 0215 
a322 13% ; 
G&12 1003 
%04 2314 
0125 
Four class on h3 x Z6 are 
412 
GO203 
a313 
a,23 
a522 
w5 a114 octo2 
w.l a215 0103 
10% ; ~3@405 LA ; 
zJ5 a424 2012 
11% 425 1123 
2114 2113 
%L 
0115 
O2l3 
1122 
1205 
z30, 
20%& ; 0111 ; 112, ; v-4 . 
010205 0223 1203 2213 
111215 1222 22% 0212 
212225 0313 1323 2303 
0415 o‘J5 a&& 
1& 1&‘5 w525 
2405 241, 
RRP(29,15)-RRP(5,3). There is an NKTS(30)-ZVKTS(6) (see the construction 
for RRP(28, 15)-RRP(4, 3) in the Appendix of [S]). Remove a point from the 
“missing” subdesign. 
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RRP(29,18)-RRP(5,3). Our point set is {aI, u2, u3, u4, u5} U (Z, x Z,). 
Twelve parallel classes: 
h&42 412 
203233 a220 
504143 ; a330 
1153 aa42 
311223 a531 
ww2 
b&32 
4023 
f&Y!253 mod(6, -). 
1133 
4113 
5103 
5243 
A further three parallel classes are obtained by setting i = 0, 2, 4 in the following: 
(0 + i),(3 + i)o (0 + i),(3 + i)l 
(1 + i),(2 + i)o a,(1 + i),(2 + i)l 
(4 + i)o(5 + $0 u4(4 + i)l(S + i)* 
Finally, three classes on Z6 x Z4 are 
(0 + i),(3 + i)2 a2(0 + i)3(3 + i)3 
(1 + i),(2 + 92 a,(1 + i),(2 + Q3. 
(4 + i),(5 + 92 ~~(4 + i)3(5 + i)3 
002040 
012r4r ; 0041 ; Oo33 mod(6, -). 
022242 0243 0152 
032343 
RRP(29,21)-RRP(5,3). Construct a group divisible design of type 83 in which 
there are three parallel classes of triples and corresponding to each group there 
are five “holey” parallel classes of pairs (this is easily done). Add five “ideal” 
points and on each group (plus the ideal points) construct the following 
RRP(13, 8)-RRP(5, 2): 
a, 094 
b, 1, 3 
c, 597 
d, 2 
e, 6 
a, 1 
b, 6 
c, 0 
d, 4, 7 
e, 5 
2, 3 
a, 2, 6 
b, 0 
c, 4 
d, 3, 5 
e, 1, 7 
a, 5 
b, 4 
c, 2 
d, 1 
e, 0, 3 
6 7 
a, 7 
b, 2, 5 
c, 3 
d, 6 
e, 4 
0, 1 
1, 5 
3, 4, 6 
7, 0,2 
a, 3 
b, 7 
c, 196 
d, 0 
e, 2 
4, 5 
3,7 
5,690 
1,2,4. 
RRP(29,24)-RRP(5,3). Proceed as above, this time constructing a group 
divisible design of type 83 in which there are two parallel classes of triples and 
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corresponding to each group there are six holey parallel classes of pairs. Add five 
ideal points and on each group (plus the ideal points) construct the following 
RRP(13, lO)-RRP(5, 3): 
092, 5 1, 4, 6 5, 7 1, 3 296 
a, 1 a, 5 a, 2, 3 a, 4 a, 0 
b, 4 b, 0 b, 1 b, 6, 7 b, 5 
c, 6 c, 2 c, 4 c, 0 c, 3,7 
d, 3 d, 7 d, 6 d, 5 d, 4 
e, 7 e, 3 e, 0 e, 2 e,l ’ 
394 097 192 297 1,7 
a, 7 a, 6 497 094 0, 3 
b, 2 b, 3 0, 6 3, 6 294 
c, 5 c, 1 3, 5 195 5, 6 
d, 0, 1 d, 2 
e, 6 e, 4, 5 
RRP(29,22)-RRP(5,l). Our point set is {a, b, c, d, e} U (iZ12 x Z,). 
Thirteen classes: 
all0 104021 
b10, 201141 
CO, 3ogo ; 006, mod(12, -). 
d5, 508191 
e10, 60111 
0071 7031 
9061 
The remaining nine parallel classes are: 
aOh ~0060 4% c&20 
b3191 d8, b51111 d40 
1151 elOo 3171 e60 
21101 2040 ; 4101 10000 
41% 1050 61101 9010 
71111 7090 9111 3050 
30110 11070 
00480 0171 eldo 1lOlll 
dlo7o 1131 0220 2191 
e901 lo 641 ; 4050 4161 
c30 WI d6, 10131 
5060 5191 c90 8111 
2021 all1 1040 6 
10010~ 7071 bO1 
a41101 
b7111 
5150 
9190 
61% 
8101 
11131 
c4,10, 
d& 
eO0 
f-5061 ; 
11010 
7030 
e5,7, a9, 
dlOo blOl 
cl0 31% 
11000 0121 
WO 1161 
4060 5171 
$90 11141 
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d5J 10 606, d3090 $81 2060100 
1009lJ a3r e20 all a71 
e80 7191 ; c50 b61 ; b2, 
3040 b81 0010 2171 cl10 
2&l 51101 6070 3151 dOo 
0001 1111, lO& 91111 e4, 
c70 2,4, 4041 0,101 1011 
RRP(29,25)-RRP(5,l). Our point set is {a, b, c, d, e} U &. 
Twenty-five classes: 
a, 0 16, 17, 19 
b, 5 1, 11 
c, 6 2, 10 
d, 7 3, 9 
e, 18 
4, 8 
12,23 
13, 22 ; 0, 12 mod 24. 
14,21 
15,20 
303, 
5090 
7080 
0151 
4191 
61111 
81101 
RRP(31,21)-RRP(7,3). Our point set is {a,, . . . , a7} U (Z12 A if,). 
Twelve parallel classes: 
a140 000121 
a290 1091 
a3100 2011, 
aJ10 305041 mod(12, -). 
as11 6070101 
a,31 8”61 
a75r 7181 
A further six parallel classes are obtained by setting i = 0, 2, 4, 6, 8, 10 in the 
following: 
(0 + i),(7 + i), a,(8 + i)“(ll + i)” 
(1 + i)“(4 + i)() (9 + i)“(2 + i)l 
a5(2 + i),(7 + i). al(O + i),(3 + i)I 
(3 + i),(lO + i), ap(l + i),(6 + i)I ’ 
a,(5 + i),( 10 + i). a3(4 + i),(9 + i)I 
(6 + i),(ll + i)I a4(5 + i)I(8 + i)I 
Three classes on Z12 x Z, are 
004080 ; Wo ; 006r mod( 12, -) 
0,418, 0161 
RRP(31,24)-RRP(7,3). Take a group divisible design of type g3 in which there 
are two parallel classes of triples and corresponding to each group there are 
six “holey” parallel classes of pairs. Add seven “ideal” points and on each 
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group there are six (plus the ideal points) construct the following RRP(15, lO)- 
RRP(7, 3): 
a, 1, 5 a, 6 a, 7 a, 8 a, 2 
b, 4 b, 2, 3 b, 8 b, 7 b, 1 
c, 2 c, 7 c, 3, 4 c, 6 c, 8 
d, 3 d, 8 d, 6 d, 2, 4 d, 5 
26” ;: 22 ;: e, f,4 6,7 
g, 7 g, 4 g, 1 k?, 5 g, 3 
a, 3 a, 4 2, 6 3, 8 4, 7 
b,6 b, 5 1, 3,7 1, 4, 6 1, 2, 8 
c, 5 c, 1 5, 4, 8 5, 237 5, 3, 6. 
d, 1 d, 7 
f,e;:8 ;3” 
g7 2 g, 6, 8 
RRP(31,27)-RRP(7,3). Our point set is {a, b, c, d, e, f, g} U Zz4. 
Twenty-seven classes: 
a, 0 f, 20 12,23 
b, 5 1, 11 13,22 
c, 6 2, 10 14,21 
d, 7 3, 9 16, 17, 19 
e, 15 4, 8 g, 18 
; 0,5 ; 0, 12 mod24. 
